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Viscoelastic nanoﬂuidThe onset of convective instability in a layer of porous medium saturated by the Oldroyd-B viscoelastic
nanoﬂuid heated from below is investigated by incorporating the effects of Brownian diffusion and ther-
mophoresis. The ﬂux of volume fraction of nanoparticles is taken to be zero on the boundaries. The result-
ing eigenvalue problem is solved numerically using the Galerkin method. The onset of convective
instability is oscillatory only if the strain retardation parameter is less than the stress relaxation param-
eter and also when the strain retardation parameter does not exceed a threshold value which in turn
depends on other physical parameters. The oscillatory onset is delayed with increasing strain retardation
parameter, while an opposite trend is noticed with increasing stress relaxation parameter. The effect of
increasing modiﬁed diffusivity ratio, concentration Darcy–Rayleigh number, modiﬁed particle density
increment and Lewis number is to hasten the onset of stationary and oscillatory convection and also
to decrease the ranges of the strain retardation parameter within which oscillatory convection is
preferred.
 2015 Elsevier Ltd. All rights reserved.1. Introduction
The term ‘nanoﬂuid’ was ﬁrst coined by Choi [1] and such a ﬂuid
is envisioned to describe a ﬂuid in which nanometer-sized particles
(10–100 nm) are stably suspended in conventional heat transfer
basic ﬂuids. Materials commonly used for nanoparticles include
oxides such as alumina, silica, titania and copper oxide, and metals
such as copper and gold. Carbon nanotubes and diamond nanopar-
ticles have also been used to realize nanoﬂuids. Popular base ﬂuids
include water, oil and organic ﬂuids such as ethanol, propylene gly-
col and ethylene glycol. Relative to the base ﬂuid, it has been
observed consistently by many researchers that the nanoﬂuids
have abnormal thermal conductivity, viscosity and single-phase
convective heat transfer coefﬁcient. These ﬂuids are considered
to offer important advantages over conventional heat transfer ﬂu-
ids. The recent review articles by Kakac and Pramuanjaroenkij [2],
Yu and Xie [3], Goharshadi et al. [4], Mahbubul et al. [5] have cov-
ered the latest developments in this ﬁeld in detail.
In recent years, buoyancy driven convection in nanoﬂuids has
attracted researchers and has been a subject of intense currentinterest. Tzou [6,7] studied buoyancy driven convection in a hori-
zontal nanoﬂuid layer heated from below on the basis of the trans-
port equations developed by Buongiorno [8], while Kim et al. [9]
treated the Bénard problem for nanoﬂuids in a different context.
Its counterpart in a porous medium, the Darcy–Bénard problem
with nanoﬂuids, has also attracted equal importance in the litera-
ture because of its importance in many ﬁelds of modern science,
engineering and technology, chemical and nuclear industries and
bio-mechanics. Such an instability problem was ﬁrst considered
by Nield and Kuznetsov [10]. Following this formalism several
studies were undertaken subsequently to investigate various addi-
tional effects on the problem by the same authors and others. The
details can be found in the monograph of Nield and Bejan [11]. In
studying these convective instability problems, the volume frac-
tion of nanoparticles was prescribed at the boundaries. Recently,
Nield and Kuznetsov [12] pointed out that this type of boundary
condition on volume fraction of nanoparticles is physically not
realistic as it is difﬁcult to control the nanoparticle volume fraction
on the boundaries, and suggested an alternative boundary condi-
tion that is, the ﬂux of volume fraction of nanoparticles is zero
on the boundaries.
Studies have also revealed that nanoﬂuids containing SiO2
nanoparticles with ethylene glycol and water as base ﬂuids
Nomenclature
a wave number
DB Brownian diffusion coefﬁcient
DT thermophoretic diffusion coefﬁcient
d depth of the porous layer
k thermal conductivity of the nanoﬂuid
K permeability of the porous medium
Le Lewis number
l; m wave numbers in the x- and y-directions
M heat capacity ratio
NA modiﬁed diffusivity ratio
NB modiﬁed particle density increment
p pressure
~q ¼ ðu;v;wÞ nanoﬂuid velocity
Rm basic density Darcy–Rayleigh number
Rt thermal Darcy–Rayleigh number
Rn nanoparticle concentration Darcy–Rayleigh number
ðx; y; zÞ Cartesian coordinates
t time
T nanoﬂuid temperature
T0 temperature at the lower boundary
T1 temperature at the upper boundary
W amplitude of perturbed vertical component of velocity
Greek symbols
b the coefﬁcient of thermal expansion
e porosity of porous media
g thermal expansion coefﬁcient of viscosity
j thermal diffusivity of the ﬂuid
k1 constant relaxation time
k2 constant retardation time
K1 stress relaxation parameter
K2 strain retardation parameter
l viscosity of the ﬂuid
x growth rate
/ nanoparticle volume fraction
/0 Reference value of nanoparticle volume fraction
U amplitude of perturbed nanoparticle volume fraction
q nanoﬂuid density
H amplitude of perturbed temperature
Superscripts
 dimensionless variable
0 perturbed variable
Subscripts
b basic state
f ﬂuid
p particle
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(Namburu et al. [13]). Besides, Chen et al. [14–16] and Schmidt
et al. [17] also indicated the non-Newtonian rheological behavior
of nanoﬂuids. Thus, it is imperative to consider non-Newtonian
effects in the study of convection in nanoﬂuids. There exist differ-
ent kinds of non-Newtonian ﬂuids and they do not lend themselves
to a uniﬁed treatment. Many of the base ﬂuids exhibit viscoelastic
behavior and hence considering viscoelastic model is more appro-
priate than an inelastic type of non-Newtonian model in the study
of thermal convective instability in nanoﬂuids. In general, visco-
elastic instability is observed in polymer melts as well as in poly-
mer solutions, which usually consist of a Newtonian solvent and
a polymeric solute. These solutions are often highly elastic but
have an essentially constant viscosity. They are known as Boger
ﬂuids and are reasonably well represented by the Oldroyd-B con-
stitutive model (Bird et al. [18], Li and Khayat [19]). The Old-
royd-B constitutive model is adopted widely to examine the
inﬂuence of elasticity on thermal convective instability. This is
because the Oldroyd-B model represents adequately highly elastic
(Boger) ﬂuids, for which the viscosity remains sensibly constant
over a wide range of shear rates. Besides, it is one of the simplest
viscoelastic laws that account for normal stress effects which are
responsible for the periodic phenomena arising in viscoelastic ﬂu-
ids. More importantly, almost all experimental measurements and
ﬂow visualization reported on the instability of viscoelastic ﬂows
have been conducted on Boger ﬂuids. Comparison between theory
and experiment becomes possible when the Oldroyd-B constitu-
tive equation is used. Of course, there exist more realistic phenom-
enological or molecular-theory-based models (Bird et al. [18];
Tanner [20]) but they probably lead to a different stability picture
(Larson [21]).
Copious literature is available on thermal convection in a layer
of porous medium saturated by a viscoelastic regular ﬂuid. Alis-
haev and Mirzadjanzade [22] were the ﬁrst to deal with visco-
elastic ﬂows in porous media for calculations of delayphenomenon in ﬁltration theory. Rudraiah et al. [23] studied
thermal convection in a viscoelastic-ﬂuid-saturated porous layer.
A comprehensive review on non-Newtonian ﬂuid ﬂows and heat
transfer in porous media is given by Shenoy [24]. Kim et al.
[25] investigated thermal instability in a porous layer saturated
with viscoelastic ﬂuid and it is found that the overstability is a
preferred mode of instability for a certain range of elastic param-
eters. Malashetty et al. [26] and Shivakumara et al. [27] analyzed
the effects of local thermal non-equilibrium on the onset of con-
vection in a viscoelastic-ﬂuid-saturated porous layer. Zhang et al.
[28] performed linear and nonlinear thermal stability analyses of
a horizontal layer of an Oldroyd-B ﬂuid in a porous medium
heated from below. The details can be found in the book by Nield
and Bejan [11].
Nonetheless, the study of thermal convective instability in a vis-
coelastic nanoﬂuid saturated porous layer is comparatively of
recent origin and it is still in a rudimentary stage. Sheu [29] studied
the onset of convection in a horizontal layer of porous medium sat-
urated with a viscoelastic nanoﬂuid while Yadav et al. [30]
extended this study to include the effect of rotation and variations
in thermal conductivity and viscosity. In the latter paper a weakly
nonlinear stability analysis has also been carried out. To make ana-
lytical progress, the volume fraction of nanoparticles is prescribed
at the boundaries in the above studies. But it is believed that these
conditions are difﬁcult to visualize in practice. Under the circum-
stances, it is desirable to probe the implications of physically real-
istic boundary conditions as far as the volume fraction of
nanoparticles is concerned.
The intent of the present paper is to study the onset of thermal
convective instability in an Oldroyd-B type of viscoelastic nano-
ﬂuid-saturated porous layer considering the ﬂux of volume frac-
tion of nanoparticles is zero at the boundaries as it is physically
more realistic (Nield and Kuznetsov [12]). The resulting eigenvalue
problem is solved numerically using the Galerkin method and the
results are presented graphically.
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Fig. 1. Physical conﬁguration.
I.S. Shivakumara et al. / International Journal of Heat and Mass Transfer 84 (2015) 167–177 1692. Mathematical formulation
The physical conﬁguration is as shown in Fig. 1. We consider a
horizontal layer of an incompressible Oldroyd-B nanoﬂuid-
saturated Darcy porous medium of thickness d. A Cartesian
coordinate system ðx; y; zÞ is chosen such that the origin is at the
bottom of the porous layer. The gravity is acting in the negative
vertical z-direction. The lower and upper impermeable boundaries
are maintained at constant but different temperatures T0 and
T1ð< T0Þ, respectively. In investigating the problem, the effects of
Brownian motion and thermophoresis are considered.
The governing equations under the Oberbeck–Boussinesq
approximation are:
r ~q ¼ 0 ð1Þ
1þ k1 @
@t
 
ðrp q~gÞ ¼ l
K
1þ k2 @
@t
 
~q ð2Þ
ðqcÞm
@T
@t
þ ðqcÞf ð~q  rÞT ¼ kr2T þ eðqcÞp DBr/  rT þ
DT
T0
rT  rT
 
ð3Þ
@/
@t
þ 1
e
ð~q  rÞ/ ¼ DBr2/þ DTT0 r
2T ð4Þ
q ¼ /qp þ ð1 /Þqf ½1 bðT  T0Þ ð5Þ
where,~q ¼ ðu;v ;wÞ the velocity vector, p the pressure, q the overall
density of the nanoﬂuid, qp the density of nanoparticles, qf the den-
sity of base ﬂuid,~g the acceleration due to gravity, l the viscosity of
the nanoﬂuid, K the permeability of the porous medium, e the
porosity of the porous medium, k1 the relaxation time, k2 the retar-
dation time, T the temperature of the nanoﬂuid, / the nanoparticle
volume fraction, b the coefﬁcient of thermal expansion, c the spe-
ciﬁc heat at constant pressure, k the thermal conductivity, DB the
Brownian diffusion coefﬁcient and DT the thermophoretic diffusion
coefﬁcient.
We introduce the dimensionless variables as follows:
x; y; zð Þ ¼ x
d
;
y
d
;
z
d
 
; ~q ¼ d
j
 
~q; t ¼ j
ed2
 
t; p ¼ K
lj
 
p;
/ ¼ / /0
/0
; T ¼ T  T0
T0  T1 ð6Þ
where, j ¼ k=ðqcÞf . Substituting Eq. (6) into Eqs. (1)–(5) and
neglecting the asterisks for simplicity, we obtain
r ~q ¼ 0 ð7Þ
1þK1 @
@t
 
rpþ Rmk^þ Rn/k^ RtTk^
 
¼  1þK2 @
@t
 
~q ð8Þ
M
@T
@t
þ ð~q  rÞT ¼ r2T þ NB
Le
r/  rT þ NANB
Le
rT  rT ð9Þ
@/
@t
þ ð~q  rÞ/ ¼ NA
Le
r2T þ 1
Le
r2/ ð10Þwhere, K1 ¼ jk1=ed2 is the stress relaxation parameter,
Rm ¼ dKb½/0qp þ ð1 /0Þqf g=lj is the basic density Darcy–
Rayleigh number, Rt ¼ dKbqf ðT0  T1Þg=lj is the thermal Darcy–
Rayleigh number, Rn ¼ Kdðqp  qf Þg/0=lj is the concentration
Darcy–Rayleigh number, K2 ¼ jk2=ed2 is the strain retardation
parameter, M ¼ ðqcÞm=ðqcÞf e is the heat capacity ratio,
NA ¼ DTðT0  T1Þ=DBT0 is the modiﬁed diffusivity ratio,
NB ¼ ðqcÞp/0=ðqcÞf is the modiﬁed particle density increment and
Le ¼ j=eDB is the Lewis number. In obtaining Eq. (8), a term propor-
tional to the product of / and T is neglected in the spirit of the
Oberbeck–Boussinesq approximation and this is valid in the case
of small temperature gradients in a dilute suspension of nanoparti-
cles [10]. It may be interesting to note that Rn involves a different
scaling (a typical nanoﬂuid fraction rather than the difference of
two fractions arising when constant but different nanoparticle vol-
ume fractions are imposed at the boundaries) due to the use of
nanoparticle ﬂux boundary conditions in the present study and
hence it cannot be negative.
2.1. Basic state
The basic state is quiescent and is given by
~qb ¼ 0; p ¼ pbðzÞ; T ¼ TbðzÞ; / ¼ /bðzÞ ð11Þ
where, the subscript b denotes the basic state. Substituting Eq. (11)
into Eqs. (7)–(10), we obtain
dpb
dz
þ Rmk^þ Rn/bk^ RtTbk^ ¼ 0 ð12Þ
d2Tb
dz2
þ NB
Le
dTb
dz
d/b
dz
þ NANB
Le
dTb
dz
 2
¼ 0 ð13Þ
NA
d2Tb
dz2
þ d
2/b
dz2
¼ 0 ð14Þ
A physically more realistic boundary condition on the nanopar-
ticle volume fraction is considered as propounded by Nield and
Kuznetsov [12]. That is, the nanoparticle ﬂux is assumed to be zero
rather than prescribing the volume fraction of nanoparticle on the
impermeable boundaries.
Thus, we have
Tb ¼ 0; d/bdz þ NA
dTb
dz
¼ 0 at z ¼ 0 ð15Þ
Tb ¼ 1; d/bdz þ NA
dTb
dz
¼ 0 at z ¼ 1 ð16Þ
Solving Eqs. (13) and (14) subject to the above boundary conditions,
it is found that
Tb ¼ z; /b ¼ /0 þ NAz ð17Þ
where, /0 is the reference value of nanoparticle volume fraction.
From Eq. (17) it is observed that change in the boundary conditions
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volume fraction distributions to be remaining the same except for
the coefﬁcients. The pressure is of no consequence here as it will
be eliminated subsequently.
2.2. Perturbed state
To study the stability of the basic state, we now superimpose
perturbations on the basic state in the form
~q ¼~q0; p ¼ pbðzÞ þ p0; T ¼ TbðzÞ þ T 0; / ¼ /bðzÞ þ /0 ð18Þ
where,~q0; p0; T 0 and /0 are the perturbed quantities over their equi-
librium counterparts and assumed to be small. Substituting Eq. (18)
in Eqs. (7)–(10), linearizing and eliminating the pressure term from
the momentum equation by operating curl twice and retaining the
vertical component, we obtain the stability equations in the form
1þK1 @
@t
 
Rnr2H/0  Rtr2HT 0
 
¼  1þK2 @
@t
 
r2w0 ð19Þ
M
@T 0
@t
w0 ¼ r2T 0  NANB
Le
@T 0
@z
 NB
Le
@/0
@z
ð20Þ
@/0
@t
þ NAw0 ¼ NALe r
2T 0 þ 1
Le
r2/0 ð21Þ
It may be observed that Eqs. (20) and (21) are altered slightly due to
change in the boundary conditions on volume fraction of nanopar-
ticles [10].
The boundaries are impermeable and perfect conductors of
heat. Hence, the boundary conditions are:
w0 ¼ 0; T 0 ¼ 0; @/
0
@z
þ NA @T
0
@z
¼ 0 at z ¼ 0 ð22Þ
w0 ¼ 0; T 0 ¼ 0; @/
0
@z
þ NA @T
0
@z
¼ 0 at z ¼ 1: ð23Þ
Assuming that the amplitudes of the perturbations are very
small, we write
½w0; T 0;/0 ¼ WðzÞ;HðzÞ;UðzÞ½ extþiðlxþmyÞ ð24Þ
where,xð¼ xr þ ixiÞ is the growth rate, l andm are the wave num-
bers in the x- and y-directions, respectively. Inﬁnitesimal perturba-
tions of the rest state may either decay or grow depending on the
value of the parameter x.
Substituting Eq. (24) into Eqs. (19)–(21) and in the boundary
conditions (22) and (23), we get
ðD2  a2ÞW þ a2RtH a2RnU
¼ x K2ðD2  a2ÞW K1 a2RtH a2RnU
 	h i ð25Þ
W þ D2  a2  NANB
Le
D
 
H NB
Le
DU ¼ MxH ð26Þ
NAW þ NALe ðD
2  a2ÞHþ 1
Le
ðD2  a2ÞU ¼ xU ð27Þ
and the boundary conditions become
W ¼ 0; H ¼ 0; ðDUþ NADHÞ ¼ 0 at z ¼ 0 ð28Þ
W ¼ 0; H ¼ 0; ðDUþ NADHÞ ¼ 0 at z ¼ 1 ð29Þ
where, D ¼ d=dz.
3. Numerical solution
Eqs. (25)–(27) together with the boundary conditions (28) and
(29) constitute a linear eigenvalue problem for the growth rate x
of the system. The resulting eigenvalue problem is solvednumerically by the Galerkin method. Accordingly, the variables
are written in a series of basis functions as
WðzÞ ¼
XN
i¼1
AiWiðzÞ; HðzÞ ¼
XN
i¼1
BiHiðzÞ; UðzÞ ¼
XN
i¼1
CiUiðzÞ ð30Þ
where Ai; Bi and Ci are unknown coefﬁcients. The basis functions
are represented by the power series satisfying the respective
boundary conditions
WiðzÞ ¼ HiðzÞ ¼ zið1 zÞ; UiðzÞ ¼ NAziðz 1Þ ð31Þ
Multiplying Eq. (25) byWjðzÞ, Eq. (26) byHjðzÞ and Eq. (27) byUjðzÞ;
performing the integration by parts with respect to z between z ¼ 0
and 1, and using the boundary conditions, we obtain the following
system of algebraic equations:
AiCji þ BiDji þ CiEji ¼ xfAiFji þ BiGji þ CiHjig
AiIji þ BiJji þ CiKji ¼ xBiLji
AiMji þ BiNji þ CiPji ¼ xCiQji
ð32Þ
The coefﬁcients Cji  Qji involve the inner products of the basis
functions and are given by
Cji ¼ hDWjDWiiþa2hWjWii

 
; Dji ¼ a2RthWjHii; Eji ¼a2RnhWjUii
Fji ¼K2 hDWjDWiiþa2hWjWii

 
; Gji ¼K1a2RthWjHii; Hji ¼K1a2RnhWjUii
Iji ¼hHjWii; Jji ¼hDHjDHiia2hHjHii
NANB
Le
hHjDHii; Kji ¼NBLe hHjDUii
Lji ¼MhHjHii; Mji ¼NAhUjWii; Nji ¼NALe hDUjDHiiþa
2hUjHii

 
Pji ¼ 1Le hDUjDUiiþa
2hUjUii

 
; Qji ¼hUjUii
The system of equations given by Eq. (32) is a generalized
eigenvalue problem which can be written in the form
AX ¼ xBX ð33Þ
where,
A ¼
Cji Dji Eji
Iji Jji Kji
Mji Nji Pji
0
B@
1
CA; B ¼
Fji Gji Hji
0 Lji 0
0 0 Qji
0
B@
1
CA and X ¼
Ai
Bi
Ci
0
B@
1
CA
We note that A and B are real matrices of order N  N and X is
the eigenvector. By using the subroutine GVLRG of the IMSL library,
the complex eigenvalue x is determined when the other parame-
ters are speciﬁed. Then one of the parameters, say Rt , is varied until
the real part of xðxrÞ vanishes. The zero crossing of xr is achieved
by Newton’s method for ﬁxed point determination. The corre-
sponding value of Rt and a are the critical conditions for neutral
stability. Then the critical Rayleigh number with respect to the
wave number is calculated using the golden section search
method. The imaginary part of xðxiÞ indicates whether the insta-
bility onsets into steady convection or into growing oscillations.
Thus the critical stability parameters (Rtc; ac; xic) are computed
for different values of physical parameters involved therein. Con-
vergence of the results is achieved by using six terms in the Galer-
kin expansion.
4. Results and discussion
The onset of convection in a horizontal layer of Darcy porous
medium saturated with an Oldroyd-B viscoelastic nanoﬂuid is
investigated by considering a physically realistic boundary condi-
tion on volume fraction of nanoparticles. That is, the ﬂux of volume
fraction of nanoparticles is zero condition is used at the bound-
aries. The resulting eigenvalue problem is solved numerically by
employing Galerkin method. The parametric values vary with the
base ﬂuid and nanoparticles chosen. The ratio of density of the
I.S. Shivakumara et al. / International Journal of Heat and Mass Transfer 84 (2015) 167–177 171nanoparticles to that of a base ﬂuid for Cu (copper) and Ag (silver)
is 8.96 and 10.5, respectively. The ratio of heat capacity based on
the volume fraction of nanoparticles to that of a base ﬂuid is 0.83
for Cu and 0.59 for Ag. So, by following Nield and Kuznetsov
[12], Tzou [6,7] and Buongiorno [8] we have taken the values of
concentration Darcy–Rayleigh number Rn in the order 1–10, mod-
iﬁed particle density increment NB is of the order 103–101 and
Lewis number Le is taken in the order of 1–10. The value of modi-
ﬁed diffusivity ratio NA is not more than 10.
To have a check on the accuracy of the numerical procedure
used, ﬁrst test computations are carried out for regular ﬂuid (i.e.,
NA ¼ 0) for different values of strain retardation parameter K2 by
ﬁxing the stress relaxation parameter, K1 and the heat capacity
ratio, M at unity. For regular ﬂuids, exact solution can readily be
obtained with W ¼ sinpz ¼ H as the solution for the eigenvalue
problem and the critical stability parameters are found to be
Rtc ¼ ðp
2 þ a2c ÞfM þ ðp2 þ a2c ÞK2g
a2cK1
; a2c ¼ p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p2 þ M
K2
s
;
x2ic ¼
ðp2 þ a2c ÞðK1 K2Þ M
K1K2M
ð34Þ
In Table 1, the results computed for different orders of approx-
imations in the Galerkin expansion are compared with those
obtained from Eq. (34). It is noted that the exact results and those
obtained by considering six terms in the Galerkin expansion com-
plement with each other indicating the accuracy of the numerical
procedure used. Table 2 shows the numerically computed triplets
(Rtc; ac; xic) at different orders of approximation in the Galerkin
expansion for various values of K2 for the nanoﬂuid case with
NA ¼ 2; Rn ¼ 1; NB ¼ 0:01; K1 ¼ 1; Le ¼ 1 and M ¼ 1. From the
tabulated values, again it is observed that the results converge
for six terms in the Galerkin expansion. Hence, the results are pre-
sented by taking six terms in the Galerkin expansion.
Fig. 2(a–f) show the neutral stability curves in the ðRt ; aÞ-plane
for different values of stress relaxation parameter K1 (Fig. 2a),
strain retardation parameter K2 (Fig. 2b), modiﬁed diffusivity ratio
NA (Fig. 2c), concentration Darcy–Rayleigh number Rn (Fig. 2d),
Lewis number Le (Fig. 2e) and heat capacity ratio M (Fig. 2f). The
plots shown in Fig. 2(a) and (b) are for different values of K1 andTable 1
Comparison of Rtc ; ac and xic for different orders of approximations in the Galerkin expan
N K2 ¼ 0:1 K2 ¼ 0:3
Rtc ac xic Rtc
1 5.8284 3.760 14.3958 13.9282
2 5.8284 3.760 14.3958 13.9282
3 5.7747 3.742 14.3126 13.7711
4 5.7747 3.742 14.3126 13.7711
5 5.7747 3.741 14.3102 13.7709
6 5.7747 3.741 14.3102 13.7709
Exact solution 5.7747 3.742 14.3120 13.770
Table 2
Comparison of Rtc ; ac and xic for different orders of approximations in the Galerkin expan
N K2 ¼ 0:1 K2 ¼ 0:3
Rtc ac xic Rtc
1 2.2946 3.8990 12.5048 10.1734
2 2.1915 3.8940 11.8231 9.8819
3 2.1644 3.8810 11.7836 9.7603
4 2.1300 3.8770 11.7471 9.7206
5 2.1296 3.8760 11.7447 9.7203
6 2.1296 3.8770 11.7470 9.7203K2, respectively. The ﬁgures reveal that oscillatory convection is
possible only if K2 < K1 as observed in the case of regular ﬂuids.
Moreover, K1 and K2 have opposing contributions on the stability
of the system. That is, increasing K1 is to decrease the region of sta-
bility, while the effect of K2 is to increase the region of stability.
Besides, there exists a critical value of K1 (=0.15) above which
oscillatory convection is possible and below which stationary con-
vection occurs (Fig. 2a). To the contrary, there exists a critical value
of K2 (=0.945) below which oscillatory convection is possible and
above which stationary convection occurs for the parametric
values chosen (Fig. 2b). That is, oscillatory convection occurs for
comparatively stronger elastic ﬂuids at thermal Darcy–Rayleigh
numbers lower than that of stationary convection. From Fig. 2(c–e)
it is observed that oscillatory convection is predicted for all wave
numbers and increasing NA;Rn and Le is to decrease the region of
stability. It may also be noted that the oscillatory neutral curves
for different values of Le coalesce at lower wave number region.
Increase in M is to increase only the oscillatory thermal Darcy–
Rayleigh number and hence its effect is to increase the region of
stability (Fig. 2f). Due to consideration of the changed boundary
conditions on volume fraction of nanoparticles, instability is found
to appear in non-oscillatory form in the absence of viscoelastic
effects.
The variation of critical thermal Darcy–Rayleigh number Rtc , the
corresponding critical wave number ac and the critical frequency of
oscillationsxic as a function K2 is displayed in Figs. 3–8 for various
values of physical parameters to know their inﬂuence on the stabil-
ity characteristics of the system. In general, the elasticity parame-
ters K1 and K2 have no inﬂuence on the onset of stationary
convection. Thus, there is no distinction between the Newtonian
nanoﬂuid and viscoelastic nanoﬂuid as far as stationary convection
is concerned. This is because the basic state remains the same for
both Newtonian and viscoelastic nanoﬂuids as it corresponds to
pure conduction. The curves of xic are ending at points beyond
which the frequency of oscillations is not positive.
Fig. 3 shows the results for different values of K1 when
Rn ¼ 1; Le ¼ 1; NA ¼ 2; NB ¼ 0:01 andM ¼ 1. The effect of increas-
ingK1 is to decrease the critical oscillatory Darcy–Rayleigh number
for a ﬁxed value of K2 and therefore its effect is to hasten the onset
of oscillatory convection. This may be attributed to the fact that thesion for regular ﬂuids ðNA ¼ 0Þ with M ¼ 1.
K2 ¼ 0:5
ac xic Rtc ac xic
3.398 6.8514 21.9544 3.310 4.3539
3.398 6.8514 21.9544 3.310 4.3539
3.379 6.8071 21.6934 3.290 4.3236
3.379 6.8071 21.6934 3.290 4.3236
3.378 6.8060 21.6931 3.290 4.3236
3.378 6.8060 21.6931 3.290 4.3236
3.378 6.8067 21.6931 3.290 4.3236
sion for nanoﬂuids with NA ¼ 2; Rn ¼ 1; NB ¼ 0:01; K1 ¼ 1; Le ¼ 1 and M ¼ 1.
K2 ¼ 0:5
ac xic Rtc ac xic
3.426 6.4023 18.1214 3.3220 4.1570
3.383 6.0665 17.7115 3.2730 3.9652
3.367 6.0374 17.4911 3.2570 3.9440
3.366 6.0297 17.4497 3.2560 3.9403
3.366 6.0297 17.4493 3.2560 3.9403
3.366 6.0297 17.4493 3.2560 3.9403
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Fig. 2. Neutral curves for different values of (a) K1 with NA ¼ 2; Rn ¼ 1; NB ¼ 0:01; K2 ¼ 0:1; Le ¼ 1 and M ¼ 1 (b) K2 with NA ¼ 2; Rn ¼ 1; NB ¼ 0:01; K1 ¼ 1; Le ¼ 1 and
M ¼ 1 (c) NA with Rn ¼ 2; NB ¼ 0:01; Le ¼ 1; Lambda1 ¼ 1; K2 ¼ 0:5 and M ¼ 1 (d) Rn with NA ¼ 2; NB ¼ 0:01; Le ¼ 1; K1 ¼ 1; K2 ¼ 0:5 and M ¼ 1 (e) Le with
Rn ¼ 2; NA ¼ 1; NB ¼ 0:01; K1 ¼ 1; K2 ¼ 0:5 and M ¼ 1 (f) M with Le ¼ 1; Rn ¼ 2; NA ¼ 2; NB ¼ 0:01; K1 ¼ 1 and K2 ¼ 0:5:.
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of a viscoelastic ﬂuid) thus causing instability. An opposite trend
could be seen with increasing K2. Moreover, the ranges of values
of K2 within which oscillatory convection is possible increase with
increasing K1. In other words, for a ﬁxed value of K1, there exists avalue Kc2 which divides the boundary of regimes between oscilla-
tory and stationary convection. Initially, the convection begins in
the form of an oscillatory mode, and as the value of K2 reaches
Kc2, convection ceases to be oscillatory, and stationary convection
becomes the preferred mode of instability. The value of Kc2 depends
on other physical parameters as well. The critical wave number ac
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values of NA when Rn ¼ 1; Le ¼ 1; M ¼ 1 and NB ¼ 0:01.
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with increasing K2. The curves of ac drop suddenly as the transition
from oscillatory to stationary convection occurs at different values
of K2 and in the ﬁgure the vertical lines represent this transition.
Furthermore, there is no noticeable change in ac with increasing
K1. The values of critical frequency of oscillations xic increase withincreasing K1 due to an increase in the elasticity of the ﬂuid and
the same is evident from Fig. 3(c).
The effect of ratio of heat capacitiesM is presented in Fig. 4 and
it affects only the onset of oscillatory convection. IncreasingM is to
delay the onset of oscillatory convection and to decrease the ranges
of values of K2 within which oscillatory convection is possible
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(Fig. 4b) but the critical frequency decreases (Fig. 4c).
The effect of modiﬁed diffusivity ratio NA is presented in Fig. 5
for two values of stress relaxation parameter K1 (=0.25 and 0.3)
when Rn ¼ 1; Le ¼ 1; M ¼ 1 and NB ¼ 0:01. In Fig. 5(a), the curveslying to the left of the discontinuity in slope (shown by dotted
lines) correspond to oscillatory onset, while to the right the onset
is of stationary type (continuous line). The curves for NA ¼ 0 corre-
spond to the case of regular non-Newtonian ﬂuid and they lie
above all other curves of NA – 0. Thus the effect of increasing NA
is to hasten the onset of oscillatory and stationary convection
nearly to the same extent. That is thermophoresis dominates over
176 I.S. Shivakumara et al. / International Journal of Heat and Mass Transfer 84 (2015) 167–177the Brownian diffusion to diffuse the nanoparticles as a result
increase in NA hastens the onset. The effect of increasing K2 is to
delay the onset of oscillatory convection and opposite is the case
with increasing K1. The value of K2; at which the preferred mode
of instability from oscillatory to stationary convection changes,
decreases with increasing NA and increases with increasing K1.
Fig. 5(b) and (c) show the variation of critical wave number ac
and critical frequency xic for K1 ¼ 0:25. It is observed that,
increase in NA is to increase ac marginally in the case of oscillatory
onset but the curves of different NA come together with increasing
K2 before showing an opposite trend in the case of stationary
onset. The critical frequency of oscillations xic decreases with
increasing NA (Fig. 5c).
Fig. 6 illustrates the results for different values of concentration
Darcy–Rayleigh number Rn when NA ¼ 1; Le ¼ 1; M ¼ 1 and
NB ¼ 0:01 for two values of K1 (=0.25 and 0.3). From Fig. 6(a) it is
noted that the onset of convective instability is hastened with
increasing concentration Darcy Rayleigh number Rn. This is
because increase in the density of nanoparticles is to enhance the
heat transfer and hence to advance the onset of convection. Also,
increase in the value of Rn and decrease in the value of K1 is to
decrease the threshold value of K2 at which the preferred mode
of instability changes. The critical wave number increases margin-
ally with an increase in the value of Rn but the curves of different Rn
come together with increasing K2 before showing an opposite
trend in the case of stationary onset (Fig. 6b). The critical frequency
of oscillation decreases with increasing Rn (Fig. 6c).
The effect of modiﬁed particle density increment NB is shown in
Fig. 7 for two values of K1 (=0.28 and 0.3) when
NA ¼ 2; Rn ¼ 2; M ¼ 1 and Le ¼ 1. From Fig. 7(a), it is seen that
an increase in the value of NB is to hasten the oscillatory and sta-
tionary onset. This is because the heavier nanoparticles moving
through the base ﬂuid makes stronger disturbances as compared
with the lighter nanoparticles which in turn produce more heat
transfer in the ﬂuid. However, the effect of NB on the oscillatory
onset is found to be not so strong compared to its inﬂuence on
the stationary onset. Also, there is no considerable change in the
value of K2 at which the preferred mode of instability changes.
The variation in the critical wave number with NB is insigniﬁcant
in the case of oscillatory onset, while in the case of stationary onset
increasing NB is to decrease ac slightly (Fig. 7b). Fig. 7(c) shows that
increasing NB is to decrease xic marginally.
Fig. 8 demonstrates the effect of Lewis number Le for two values
of K1 (=0.8 and 1) when NA ¼ 1; Rn ¼ 2; M ¼ 1 and NB ¼ 0:01. As
seen from Fig. 8(a), increase in Le hastens the onset of oscillatory
and stationary convection as thermal diffusion is dominated over
Brownian diffusion. From the ﬁgure it is also noted that the inﬂu-
ence of Le on the onset of stationary convection is more pro-
nounced than on the oscillatory convection. The value of K2 at
which the preferred mode of instability changes decreases signiﬁ-
cantly with an increase in the value of Le and decrease in the value
of K1. In the case of stationary convection, the critical wave num-
ber decreases with increasing Le but an opposite trend is noticed in
the case of oscillatory convection (Fig. 8b). The critical frequency
decreases with increasing Le (Fig. 8c). Since the effect of K1 found
to be insigniﬁcant on ac and xic with increasing NA; Rn; NB and Le,
its effect is not shown in the respective ﬁgures.
5. Conclusions
The onset of convection in a horizontal layer of modiﬁed Darcy
porous medium saturated with an Oldroyd-B viscoelastic nanoﬂuid
is investigated by considering ﬂux of volume fraction of nanoparti-
cles is zero on the boundaries; a physically realistic boundary con-
dition. The generalized eigenvalue problem is solved numerically
using the Galerkin method.The results of the forgoing study may be summarized as
follows:
(i) The oscillatory convection is possible only if the strain retar-
dation parameter K2 is less than the stress relaxation param-
eter K1 and also when K2 is less than a threshold value
which in turn depends on the other parametric values. The
parameters K1 and K2 have opposing contributions on the
onset of oscillatory convection. Increase in the value of K2,
ratio of heat capacities M is to delay the onset of oscillatory
convection.
(ii) The effect of increasing modiﬁed diffusivity ratio NA, concen-
tration Darcy–Rayleigh number Rn, modiﬁed particle density
increment NB and Lewis number Le is to hasten the onset of
both oscillatory and stationary convection. The effect NB and
Le on oscillatory convection is not so signiﬁcant compared to
their inﬂuence on the stationary onset.
(iii) The range of K2 within which oscillatory convection is pre-
ferred gets decreased with increasing NA; Rn; NB; Le and
M. In contrast to this, the range of K2 increases with increas-
ing K1.
(iv) Increase in the value of K2 is to increase the size of convec-
tion cells of oscillatory onset and this trend gets reversed
with increasing K1 and M. Also, the effect of increasing NA,
Rn and Le is to decrease the size of convection cells of oscil-
latory onset but opposite is the case with the stationary
onset. The variation in the critical wave number ac with NB
is insigniﬁcant in the case of oscillatory onset, while ac
decreases in the case of stationary onset with increasing NB.
(v) The values of critical wave number for the oscillatory onset
are higher than those of stationary onset.
(vi) The critical frequency of oscillations xic decreases with
increasing NA; Rn; M; NB; Le and K2. To the contrary,
increase in the value of K1 is to increase the value of xic .
Conﬂict of interest
None declared.
Acknowledgments
One of the authors (M.D.) wishes to thank the Principal and the
Management of his college for their encouragement and support.
The authors wish to thank the reviewers for their useful
suggestions.
References
[1] S. Choi, Enhancing thermal conductivity of ﬂuids with nanoparticles, in: D.A.
Siginer, H.P. Wang (Eds.), Developments and Applications of Non-Newtonian
Flows, ASME FED-Vol. 231/MD, 66, ASME, New York, 1995, pp. 99–105.
[2] S. Kakac, A. Pramuanjaroenkij, Review of convective heat transfer
enhancement with nanoﬂuids, Int. J. Heat Mass Transfer 52 (2009) 3187–3196.
[3] W. Yu, H. Xie, A review on nanoﬂuids: preparation, stability mechanisms, and
applications, J. Nanomater. (2012) 1–17
[4] E.K. Goharshadi, H. Ahmadzadeh, S. Samiee, M. Hadadian, Nanoﬂuids for heat
transfer enhancement – a review, Phys. Chem. Res. 1 (2013) 1–33.
[5] I.M. Mahbubul, R. Saidur, M.A. Amalina, Latest developments on the viscosity
of nanoﬂuids, Int. J. Heat Mass Transfer 55 (2012) 874–885.
[6] D.Y. Tzou, Instability of nanoﬂuids in natural convection, ASME J. Heat Transfer
130 (2008) 072401.
[7] D.Y. Tzou, Thermal instability of nanoﬂuids in natural convection, Int. J. Heat
Mass Transfer 51 (2008) 2967–2979.
[8] J. Buongiorno, Convective transport in nanoﬂuids, ASME J. Heat Transfer 128
(2006) 240–250.
[9] J. Kim, Y.T. Kang, C.K. Choi, Analysis of convective instability and heat transfer
characteristics of nanoﬂuids, Phys. Fluids 16 (2004) 2395–2401.
[10] D.A. Nield, A.V. Kuznetsov, Thermal instability in a porous medium layer
saturated by a nanoﬂuid, Int. J. Heat Mass Transfer 52 (2009) 5796–5801.
[11] D.A. Nield, A. Bejan, Convection in Porous Media, fourth ed., Springer, New
York, 2013.
I.S. Shivakumara et al. / International Journal of Heat and Mass Transfer 84 (2015) 167–177 177[12] D.A. Nield, A.V. Kuznetsov, Thermal instability in a porous medium layer
saturated by a nanoﬂuid: a revised model, Int. J. Heat Mass Transfer 68 (2014)
211–214.
[13] P. Namburu, D. Kulkarni, D. Misra, D. Das, Viscosity of copper oxide
nanoparticles dispersed in ethylene glycol and water mixture, Exp. Therm.
Fluid Sci. 32 (2) (2007) 397–402.
[14] H.S. Chen, Y.L. Ding, C.Q. Tan, Rheological behaviour of nanoﬂuids, New J. Phys.
9 (2007) 367.
[15] H.S. Chen, Y.L. Ding, Y.R. He, C.Q. Tan, Rheological behaviour of ethylene glycol
based titania nanoﬂuids, Chem. Phys. Lett. 444 (2007) 333–337.
[16] H.S. Chen, Y. Ding, A. Lapkin, Rheological behaviour of nanoﬂuids containing
tube/rod-like nanoparticles, Power Technol. 194 (2009) 132–141.
[17] A.J. Schmidt, M. Chiesa, D.H. Torchinsky, J.A. Johnson, A. Boustani, G.H.
McKinley, K.A. Nelson, G. Chen, Experimental investigation of nanoﬂuid shear
and longitudinal viscosities, Appl. Phys. Lett. 92 (2008) 244107.
[18] R.B. Bird, R.C. Armstrong, O. Hassager, Dynamics of Polymeric Liquids, second
ed., John Wiley & Sons, 1987.
[19] Z. Li, R.E. Khayat, Finite amplitude Rayleigh–Bénard convection and pattern
selection for viscoelastic ﬂuids, J. Fluids Mech. 529 (2005) 221–251.
[20] R.I. Tanner, Engineering Rheology, Oxford University Press, Oxford, 1985.
[21] R.G. Larson, Constitutive Equations for Polymer Melts and Solutions,
Butterworths, 1988.
[22] M.G. Alishaev, A.K. Mirzadjanzade, For the calculation of delay phenomenon in
ﬁltration theory, Izv Vuzov Neft I Gas (Russ Chem Rev) 6 (1975) 71–77.[23] N. Rudraiah, P.N. Kaloni, P.V. Radhadevi, Oscillatory convection in a
viscoelastic ﬂuid through a porous layer heated from below, Rheol. Acta 28
(1989) 48–52.
[24] A.V. Shenoy, Non-Newtonian ﬂuid heat transfer in porous media, Adv. Heat
Transfer 24 (1994) 90–101.
[25] M.C. Kim, S.B. Lee, B.J. Chung, Thermal instability of viscoelastic ﬂuids in
porous media, Int. J. Heat Mass Transfer 46 (2003) 5065–5072.
[26] M.S. Malashetty, I.S. Shivakumara, S. Kulkarni, M. Swamy, Convective
instability of Oldroyd B ﬂuid saturated porous layer heated from below
using a thermal nonequilibrium model, Transp. Porous Media 64 (2006) 123–
139.
[27] I.S. Shivakumara, M.S. Malashetty, K.B. Chavaraddi, Onset of convection in a
viscoelastic-ﬂuid-saturated sparsely packed porous layer using a thermal
nonequilibrium model, Can. J. Phys. 84 (2006) 973–990.
[28] Z. Zhang, C. Fu, W. Tan, Linear and nonlinear stability analyses of thermal
convection for Oldroyd-B ﬂuids in porous media heated from below, Phys.
Fluids 20 (2008) 084103-1–084103-12.
[29] L.J. Sheu, Thermal instability in a porous medium layer saturated with a
viscoelastic nanoﬂuid, Transp. Porous Media 88 (2011) 461–477.
[30] D. Yadav, R. Bhargava, G.S. Agrawal, N. Yadav, J. Lee, M.C. Kim, Linear and
nonlinear analysis of thermal instability in a rotating porous layer saturated by
a non-Newtonian nanoﬂuid with thermal conductivity and viscosity variation,
Microﬂuid. Nanoﬂuid. 16 (2014) 425–440.
